Discoveries of ratios whose values are constant within broad classes of materials have led to many deep physical insights. The Kadowaki-Woods ratio (KWR) 1,2 compares the temperature dependence of a metals resistivity to that of its heat capacity; thereby probing the relationship between the electronelectron scattering rate and the renormalisation of the electron mass. However, the KWR takes very different values in different materials 3,4 . Here we introduce a ratio, closely related to the KWR, that includes the effects of carrier density and spatial dimensionality and takes the same (predicted) value in organic charge transfer salts, transition metal oxides, heavy fermions and transition metalsdespite the numerator and denominator varying by ten orders of magnitude.
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1,2 compares the temperature dependence of a metals resistivity to that of its heat capacity; thereby probing the relationship between the electronelectron scattering rate and the renormalisation of the electron mass. However, the KWR takes very different values in different materials 3, 4 . Here we introduce a ratio, closely related to the KWR, that includes the effects of carrier density and spatial dimensionality and takes the same (predicted) value in organic charge transfer salts, transition metal oxides, heavy fermions and transition metalsdespite the numerator and denominator varying by ten orders of magnitude.
Hence, in these materials, the same emergent physics is responsible for the mass enhancement and the quadratic temperature dependence of the resistivity and no exotic explanations of their KWRs are required.
In a Fermi liquid the temperature dependence of the electronic contribution to the heat capacity is linear, i.e., C el (T ) = γT . Another prediction of Fermi liquid theory 5 is that, at low temperatures, the resistivity varies as ρ(T ) = ρ 0 + AT 2 . This is observed experimentally when electron-electron scattering, which gives rise to the quadratic term, dominates over electron-phonon scattering.
Rice observed 1 that in the transition metals A/γ 2 ≈ a T M = 0.4 µΩ cm mol 2 K 2 /J 2 ( Fig. 1 ), even though γ 2 varies by an order of magnitude across the materials he studied. Later, Kadowaki and Woods 2 found that in many heavy fermion compounds A/γ 2 ≈ a HF = 10 µΩ cm mol 2 K 2 /J 2 ( Fig. 1) , despite the large mass renormalisation which causes γ 2 to vary by more than two orders of magnitude in these materials. Because of this remarkable behaviour A/γ 2 has become known as the Kadowaki-Woods ratio. However, it has long been known 2, 6 that the heavy fermion material UBe 13 has an anomalously large KWR. More recently, studies of other strongly correlated metals, such as the transition metal oxides 3, 7 and the organic charge transfer salts 4, 8 , have found surprisingly large KWRs (Fig. 1) . It is therefore clear that the KWR is not the same in all metals; in fact it varies by more than seven orders of magnitude across the materials shown in Fig. 1 .
Several important questions need to be answered about the KWR: (i) Why is the ratio approximately constant within the transition metals and within the heavy fermions (even though many-body effects cause large variations in their effective masses)? (ii) Why is the KWR larger for the heavy fermions than it is for the transition metals? And (iii) why are such large and varied KWRs observed in layered metals such as the organic charge transfer salts and transition metal oxides? The main aim of this paper is to resolve question (iii).
We will also make some comments on the first two questions, which have been extensively studied previously.
There have been a number of studies of the KWR based on specific microscopic Hamiltonians (see, for example, Refs. 9,10,11,12,13). However, if the KWR has something general to tell us about strongly correlated metals, then one would also like to understand which features of the ratio transcend specific microscopic models. Nevertheless, two important points emerge from these microscopic treatments of the KWR: (a) if the momentum dependence of the self-energy can be neglected then the many-body renormalisation effects on A and γ 2 cancel and (b) material specific parameters are required in order to reproduce the experimentally observed values of the KWR. Below we investigate the KWR using a phenomenological Fermi liquid theory; this work builds on previous studies of related models 3, 6 .
Indeed our calculation is closely related to that in Ref. 6 . The main results reported here are the identification of a ratio [Eq. (6)] relating A and γ 2 , which we predict takes a single value in a broad class of strongly correlated metals, and the demonstration that this ratio does indeed describe the data for a wide variety of strongly correlated metals (Fig. 2) .
It has been argued that the KWR is larger in the heavy fermions than the transition metals because the former are more strongly correlated (in the sense that the self-energy is more strongly frequency dependent) than the latter 6 . Several scenarios have been proposed to account for the large KWRs observed in UBe 13 , transition metal oxides and organic charge transfer salts including impurity scattering 6 , proximity to a quantum critical point and the suggestion that electron-phonon scattering in reduced dimensions might give rise to a quadratic temperature dependence of the resistivity 14 . Hussey 3 has previously observed that using volumetric (rather than molar) units for γ reduces the variation in the KWRs of the transition metal oxides. However, even in these units, the organic charge transfer salts have KWRs orders of magnitude larger than those of other strongly correlated metals.
We will argue that the different KWRs observed across this wide range of materials result from the simple fact that the KWR contains a number of material specific quantities. As a consequence, when one replaces the KWR with a ratio that accounts for these material specific effects [Eq. (6)] the data for all of these materials does indeed lie on a single line (Fig. 2 ).
Many properties of strongly correlated Fermi liquids can be understood in terms of a momentum independent self-energy 15, 16 . Therefore, following Ref. 6 , we assume that the imaginary part of the self-energy, Σ ′′ (ω, T ), is given by
, where 2s/ is the scattering rate due to electron-electron scattering in the absence of quantum many-body effects, τ The diagonal part of the conductivity tensor may be written as
where
is the non-interacting dispersion relation and µ * is the chemical potential.
Note that Eq. (2) does not contain vertex corrections; the absence of vertex corrections to the conductivity is closely related to the momentum independence of the self-energy 15 .
Further, the presence of Umklapp processes, which allow electron-electron scattering to contribute to the resistivity in the pure limit 18 , is implicit in the above formula.
In a strongly correlated metal, s may be approximated by its value in the unitary scattering limit 6, 16 , s u = 2n/3πD 0 , where n is the conduction electron density and D 0 is the bare density of states (DOS) at the Fermi energy. In the low temperature, pure limit one finds (see the Methods section) that
where . . . denotes an average over the Fermi surface. Note that neither the DOS nor the Fermi velocity are renormalised in this expression. Indeed, all of the many-body effects are encapsulated by ω * , which determines the magnitude of the frequency dependent term in
The Kramers-Kronig relation for the retarded self-energy 19, 20 can be used to show (see Methods) that, in the pure limit,
is the linear coefficient of the specific heat for a gas of non-interacting fermions, Σ ′ is the real part of the self energy and ξ ≈ 1 is a pure number defined in the Methods section. Thus we see that the renormalisation of γ is also controlled by ω * . For a strongly correlated metal the effective mass, m * ≫ m 0 , the bare (band) mass of the electron, hence s u ≫ ω * and γ ≃ (8nk Combining the above results we see that the KWR is
First, we note that in this ratio the dependence of the individual factors on ω * has vanished.
Hence the KWR is not renormalised. On the other hand, while the first factor contains only fundamental constants, the second factor is clearly material dependent as it depends on the electron density, the DOS and the Fermi velocity of the non-interacting system. An important corollary to this result is that band-structure calculations should give accurate predictions of the KWR via Eq. (5) is different in the two different classes of materials. Therefore, we propose that a more fundamental ratio is
where f dx (n) ≡ nD For simplicity we assume that the reasonably isotropic materials (the heavy fermions, the transition metals and Rb 3 C 60 ) are isotropic Fermi liquids and the layered materials (i.e., the transition metal oxides and organic charge transfer salts based on BEDT-TTF) have warped cylindrical Fermi surfaces; f dx (n) is derived for these band structures in the Methods section. This allows us to test explicitly, in Fig. 2 , the prediction of Eq. (6) against previously published experimental data for a variety of strongly correlated metals. It is clear that the new ratio is in good agreement with the data for all of the materials investigated.
We therefore see that the observations of constant KWRs for the heavy fermions and for the transition metals are due not only to the profound but also to the prosaic. The renormalisation of γ 2 cancels with that of A due to the Kramers-Kronig relation for the self-energy; but the unrenormalised properties are remarkably consistent within each class of materials.
Further, the large KWRs in transition metal oxides, the organics and UBe 13 are simply a consequence of the small values of f dx (n) in these materials. Therefore, the absolute value of the KWR does not reveal anything about electronic correlations unless the material specific effects, described by f dx (n), are first accounted for.
It will be interesting to identify and understand strongly correlated metals that are not described by Eq. (6). Our calculation already gives some clues as to when this might happen: for example, when the self-energy is strongly momentum dependent or when the are significant vertex corrections to the conductivity. Another outstanding challenge is to understand the KWR in compensated semimetals 24,25,26 .
METHODS

Resistivity
To calculate A we approximate the spectral density by
where ξ 0 (k) = ε 0 (k) − µ 0 where µ 0 is the chemical potential of the bare system (i.e., in the absence of both electron-electron interactions and impurity scattering) and Z is the quasi-particle weight defined as
Eq. (7) will give the right behavior in the limit Σ ′′ → 0 (Ref. 17) . Inserting Eq. (7) into Eq. (2) and noting that at low temperatures −∂f (ω)/∂ω will be sharply peaked at ω = 0, we replace ω by 0 in
The delta function can then be taken outside the ω integration, giving
The k-space integral here is (half) the renormalised DOS, D * , at the renormalised Fermi energy. As D * = D 0 /Z, where D 0 is the DOS of the bare system at its Fermi energy, we get
Using −∂f (ω)/∂ω → δ(ω) as T → 0 it follows from Eq. (1) that the zero temperature resistivity is given by ρ 0 = (e 2 τ 0 v 2 0x D 0 ) −1 . With the temperature dependence of the resistivity given by ρ(T ) = ρ 0 + AT 2 , Eq. (9) yields
We now consider the pure limit, τ 0 → ∞. At sufficiently low temperatures the contribution to the integral from the region ω > ω * is small, so it is a good approximation to use Eq. (1) for Σ ′′ (ω, T ) for all ω. The resulting integral can then be evaluated analytically,
Eq. (3) follows upon taking s = s u .
Real part of the self energy
In order to calculate γ we need to know the real part of the self-energy. To evaluate this we apply the Kramers-Kronig relation 19, 20 for the retarded self-energy,
where P indicates the principal part of the integral.
For T = 0 and taking the pure limit one finds that for |ω| ≪ ω * ,
where y = ω/ω * , y ′ = ω ′ /ω * , and we have used the fact that F (y) is an even function.
Therefore, in the limit |y| ≪ 1
F (y) decreases sufficiently slowly as y → ∞, we expect ξ ≈ 1. In general, changes to the exact form of the self energy will simply lead to small changes in ξ provided the boundary conditions for Σ remain the same. Note that Σ ′ (∞, 0) is just the shift in the zero temperature chemical potential due to many-body interactions.
The form of the self energy given in Eq.
(1) has a kink at ω = ω * . Kinks are found in the self-energies of local Fermi liquid theories, such as dynamical mean-field theory 21 . However, the location, and even the existence, of this kink is not important for our results. In order to calculate A and γ one must integrate over all ω (see above), therefore any sharp features in Σ ′′ (ω, T ) will be washed out. 
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